It is shown that the E 8 trigonometric Olshanetsky-Perelomov Hamiltonian, when written in terms of the Fundamental Trigonometric Invariants (FTI), is in algebraic form, i.e., has polynomial 
I. INTRODUCTION
As mentioned in [1] (thereafter addressed as I), about 30 years ago, Olshanetsky and Perelomov discovered a remarkable family of quantum mechanical Hamiltonians with trigonometric potentials, which are associated to the (crystallographic) root spaces of the classical and exceptional Lie algebras (for a review, see [3] ). Explicitly, the Hamiltonian associated to a Lie algebra g of rank N, with root space ∆, is
where R + is the set of positive roots of ∆, β ∈ R is a parameter introduced for convenience, g |α| = µ |α| (µ |α| − 1) are coupling constants depending only on the root length, and y = (y 1 , y 2 , . . . , y N ) is the coordinate vector. The configuration space here is the Weyl alcove of the root space (see [3] ). The Hamiltonian (1) has the property of complete integrability:
there exists (N − 1) integrals of motion spanning the Abelian algebra.
The ground state eigenfunction of (1) and its eigenvalue are
where̺ = α∈R + µ |α| α is the so-called 'deformed Weyl vector' (see [3] , Eqs.(5.5), (6.7)).
It is known that any eigenfunction Ψ has the form of (2) multiplied by a polynomial in exponential (trigonometric) coordinates, i.e. Ψ = ϕΨ 0 (the factorization property, see [3] ).
The spectrum of (1) is a second-degree polynomial in the quantum numbers [3] . The function (2) is the (lowest) eigenfunction of any integral as well.
In I it was made three definitions: (i) A linear differential operator is algebraic if its coefficients are polynomials, (ii) Take a linear space of multivariate polynomials
where the f 's are positive integers andñ ∈Ñ, whereÑ ⊂ N is a set of natural numbers ordered by increase such that the Diophantine equation f 1 n 1 + f 2 n 2 + . . . + f d n d =ñ has a solution. Smallestñ is always equal to zero. These numbersñ(n) are enumerated by integer numbers n = 0, 1, 2, . . .. In many occasionsÑ = N. The characteristic vector is the d-dimensional vector with components f i :
Hence, any monomial x n 1 1 x n 2 2 . . . x n d d corresponds to a point in d-dimensional lattice space n = [n 1 , n 2 , . . . , n d ], where n i , i = 1, 2, . . . d are its coordinates. To each monomial (or, equivalently, to a corresponding point in the lattice space) one can assign a grading,
In this definition the product of two monomials n and m gives the monomial n + m with the grading d f (n + m) = d f (n) + d f (m), and (iii) If the infinite set of spaces P n ≡ P
n,{ f } , n ∈Ñ, defined as above, can be ordered by inclusion:
such an object is called an infinite flag (or filtration), and is denoted P
. If for any n, the codimension (≡ dim P n+1 − dim P n ) is non-zero and minimal, such a flag is called dense. If a linear differential operator preserves such an infinite flag, it is said to be exactly-solvable. It is evident that every such operator is algebraic, although the converse is not true (see [4] ).
If the spaces P n can be viewed as the finite-dimensional representation spaces of some Lie algebra h, then h is called the hidden algebra of the exactly-solvable operator.
Any crystallographic root space ∆ is characterized by its fundamental weights w a , a = 1, 2, . . . N, where N = rank(∆). They form a (non-orthogonal) basis {w}, which is alternative to the standard, non-orthogonal basis of simple roots {α}. 
one obtains a trigonometric Weyl invariant for any specified β ∈ R. For a given root space ∆ and a fixed β, there thus exist N independent trigonometric Weyl invariants τ a generated by N fundamental weights w a . We call them Fundamental Trigonometric Invariants (FTI)
[1].
It was shown in I that for the root spaces A N , BC N , B N , C N , D N , G 2 , F 4 , E 6 and as well as in [2] for E 7 that (i) a similarity-transformed (1), namely h ∆ ∝ Ψ −1 0 (H ∆ − E 0 )Ψ 0 , acting on the space of trigonometric invariants (i.e., the space of trigonometric orbits) is an algebraic operator, (ii) h ∆ has infinitely-many finite-dimensional invariant subspaces which form an infinite flag of spaces of polynomials, with a certain characteristic vector, and (iii) the eigenfunctions of the Hamiltonian (1) are polynomials in the FTI. The goal of this paper is to show that the same three properties hold for the E 8 root space. Although similar results might be seen as obtainable for E 8 , a complete analysis of this root space is absent, mainly due to technical complications which some of the present authors thought for a long time are impossible to overpass.
II. THE CASE ∆ = E 8 (GENERALITIES)
The Hamiltonian of the trigonometric E 8 model is built using the root system of the E 8 algebra (see (1)). This Hamiltonian in 8-dimensional Euclidian space with Cartesian coordinates x 1 , x 2 , . . . x 8 looks as follows
+ gβ
The ground state eigenfunction and its eigenvalue are
(cf. (2)), where the second product is taken over for the same set {ν j } as in (7) and the vector ̺ is the E 8 Weyl vector,
where e i , i = 1, 2, . . . 8 form the orthonormal basis in the E 8 root space.
The main object of our study is the gauge-rotated Hamiltonian (7), with the ground state eigenfunction (8) taken as a gauge factor, i.e.
where E 0 is given by (9). Explicitly,
The spectral problem is
The E 8 root space is characterized by 8 fundamental weights, which generate orbits of lengths ranging from 240 to 483840. We follow the ordering of the fundamental trigonometric invariants τ a defined by (6) based on the length of the orbit Ω a . This ordering is different from the ordering based on the weights W a employed by Bourbaki [8] which was also used in the MAPLE packages COXETER and WEYL by J. Stembridge [16] ) (see Table I ). 
Let us note that for β ∈ R, all τ 's invariants (5) are real, Imτ a = 0 (see [10] ). It implies some identities
It is a general feature of invariants obtained in averaging over orbits generated by the Weyl group W (E 8 ). The reality property holds for the algebras
[10] (see also I and [2]).
Our goal is to find the explicit form of the gauge-transformed Hamiltonian (11), h E 8 (τ ), in terms of the FTI variables τ = {τ a },
where
with
We will show the operator h E 8 (τ ) takes an algebraic form, hence A ab (τ ) and B a (τ, ν) are polynomials in τ . They do not depend on β due to dimensional arguments. Thus, the eigenvalues do not depend on β as well. So, without a loss of generality one can place β = 1.
Therefore we have to solve a technical problem of a change of variables from Cartesian coordinates x to FTI coordinates τ . We approach to this problem from two different directions:
(i) making a straightforward change of variables and (ii) using property of decomposition of orbit products into a sum of orbits, which we call the orbit method (see below). Each of both approaches leads to some serious technicalities. However, since they complement each other it helps overcome difficulties. Every coefficient function was either calculated in both approaches independently and then compared, or if found in one approach it was crosschecked in another one [23] .
III. ORBIT METHOD
In this Section we present the orbit method. The method is of a general nature and can be developed for any semi-simple Lie algebra. We limit our presentation to the case of E 8 which is a main object of the paper.
Orbits. Notation
Let W = {w a , a = 1, . . . , 8} be the set of fundamental weights ordered according to their length size, {Ω a } be the set of the Weyl group orbits generated by the vectors w a (we call them the fundamental orbits), and {τ a } be the set of new, Weyl-invariant variables:
where it coincides to (4) placing β = 1. Evidently, if all x i = 0, the variables get equal to the length of the orbit τ a = d a . The weights and some of their characteristics are given in Table I . Note that the orbit Ω 1 generated by w 1 contains all roots of the E 8 algebra -both positive and negative ones. There is an important property of an orbit Ω a following from the Weyl invariance
This property remains valid for any orbit.
The weight lattice L(W ) is defined as the Z-span of the set of fundamental weights W , and the cone of dominant weights L + (W ) consists of the weights with nonnegative integer coordinates in the basis of the fundamental weights:
The vector n written in the basis of simple roots has a form n = i=1...8 a i α i where a i are the so-called root coordinates of n. The sum ht(n) ≡ i a i is called the height of n [17] .
For any root system, in particular, for E 8 the height can be written as
where c i (̺ ∨ ) are the root coordinates of the Weyl co-vector ̺ written in a basis of simple co-roots. For simply-laced root system any root coincides to its co-root. In this case the height is given by
Explicitly, in the E 8 case,
(cf.(4)), where c i (̺) are the root coordinates of the E 8 Weyl vector ̺ in the specially ordered basis of simple roots. Such an ordering (see Table I ) implies that the components of the Weyl vector are increasing. This ordering agrees with the ordering of the fundamental weights by their lengths and corresponds to the numbering of the τ -variables (see Table I ). Hereafter, we define the height following (21) for any crystallographic root space, call it the Weyl height, ht ̺ (n), and omit sub-index wherever it can not cause a confusion. The height and ̺-grading for τ -polynomials (see Eq.(4)) do coincide for the E 8 Weyl vector
Let us introduce the following ordering of dominant weights by their Weyl heights:
It is worth noting that the equality of heights does not imply a coincidence of the lattice points.
Each orbit contains a single dominant weight of maximal height by which it can be labeled:
Ω n ∋ n. We shall use some operations with orbits -product of orbits and decomposition of orbit products (see [10] ). The product of two orbits Ω and Ω is defined as the set of all elements ω + ω, where ω ∈ Ω and ω ∈ Ω. The product of more than two orbits is defined similarly. Product of several fundamental orbits Ω a , a = 1, . . . , 8 in powers p a can be decomposed into union of orbits labeled with distinct dominant weights k which enter with multiplicities µ
It is essential that the highest term of the decomposition Ω p enters with multiplicity 1 and other terms are generated with dominant weights of lower heights than
Let us choose some dominant weight n ∈ L + . Following [10] we construct an orbit
by averaging the exponential function over the orbit generated by n. It seems evident that any orbit function is Weyl-invariant. Orbit functions corresponding to the algebras
Following (23) one can make the ordering of the elements in the set M = {M n }:
In correspondence with decomposition of orbit products (24) a product of several fundamental M-functions (see below) can be decomposed into the sum of M-functions as
is equal to multiplicity of a given orbit Ω k in the decomposition of p-product of orbits Ω a (see (24)).
An orbit function M n can also be spanned on the basis T of monomials τ p ≡ τ
8 . The orbit function M 0 generated by zero vector {0} is equal to 1 when eight functions M a (generated by the fundamental weights w a , a = 1, 2, . . . 8) are nothing but the FTI τ a (see (6)),
Therefore, any monomial of higher order can be obtained through the decomposition of product of the orbit functions (cf. (27)):
The set of equations (29) is lower triangular, so it can be solved algebraically in order to express M n through the variables τ a :
(n) are some coefficients. Therefore, the Weyl height of M n coincides with Weyl grading of the monomial τ n . Thus, any monomial can be marked by the Weyl height or, differently, any orbit function can be marked by the Weyl grading. Hence, the monomials in τ n can be ordered by Weyl heights in accordance to (23) ,
Thus, the ordering of M n is defined by the monomial of the highest height in ( It is mentioning that these equations are useful for finding the eigenfunctions of (11), see Section IV.
Coefficients A ab
It can be shown that the calculation of the coefficients A ab (τ ) (see (15) ) is reduced to calculation of a double orbit sum,
(since now on we denote the scalar product of a, b as (a · b)). If x i = 0 for all i = 1, 2, . . . 8, as a consequence of (19) the coefficient A ab (x = 0) = 0. From another side, at x i = 0 the variable τ a = d a , a = 1, 2, . . . , 8 (where d a are the orbit sizes) and, hence, the coefficients A ab vanish,
If in the sum (32) the factor (ω · ω) is dropped it reduces to the product of the orbit functions M a M b , which is equal to τ a τ b . From the other hand, it can be represented as a superposition of the orbit functions M (see (29)):
where µ (n) (a,b) are orbit multiplicities. Some orbit multiplicities for product of two orbit functions generated by the fundamental weight orbits were calculated in [11].
Let us take two orbits Ω a and Ω b generated by fundamental weights w a and w b , respectively. Denote the product of two fundamental weights as P = (w a · w b ). It can be shown that P is always integer. In order to check it let us take the scalar product of two arbitrary elements from these orbits, p n = (ω · ω). It takes one of the values P, P − 1 · · · − P + 1, −P . For two orbits with fixed n and, hence, (ω + ω)
As an example, let us calculate one of the simplest coefficient A 12 . The decomposition of
Coefficients P, p n are for this case
Combining (35), (36) one gets as a result
For more complicated cases one has to use the expressions for M k (τ ) from the set of relations
The full list of the A ab coefficients is given in the Appendix A.
Coefficients b a
For the b coefficients one can immediately derive from eqs. (6), (17) that
where w 2 a is square of the fundamental weight length. In explicit form, it gives
We calculated the non-interacting part of the (gauge-transformed) Hamiltonian written
where n = [n 1 , n 2 , . . . , n 8 ] is a dominant weight. The lowest polynomial eigenfunction ϕ 0 = const has the vanishing eigenvalue, ǫ 0 = 0. Since any τ variable is an orbit function, among the eigenfunctions there exist eight of them which are proportional to τ 's
Their eigenvalues are square of the respective fundamental weight lengths. Following a classification based on the growth of eigenvalues |ǫ| at ν = 0 these eigenfunctions in (39) have numbers 2, 3, 4, 6, 8, 10, 16, 27 (in this case to the ground state it is assigned number 1).
Coefficients c a
According to Eqs. (2) and (18) the coefficients c a are
The scalar product l = (α ·ω) takes integer values ranging from −L a till L a where the largest value L a = (w 1 · w a ) is the ath root coordinate of the E 8 highest root (2, 2, 3, 3, 4, 4, 5, 6) in the basis of ordered simple roots (see Table I ).
In order to represent the expression (41) as a sum of orbit functions we will follow a construction proposed in [9] . Let us consider in the sum (41) for every α two terms with weights ω andω related with reflection r α :
Let us assume for definiteness that (α · ω) = l > 0. Then a contribution of these two terms to (41) is of the form
At
For (α · ω) = −l < 0 the contribution is the same as (43) with l = |(α · ω)|. So (41) can be written symmetrically in ω andω and after summation over ω looks as
The first term in (44) being summed over all α's gives The second term in (44) contains elements of orbit functions M n corresponding to orbits generated by elements n of the length squared (n · n)
orbits Ω n and their multiplicities µ n are listed in the Table of Appendix B. Because of the symmetry between ω andω the k-th and (l − k)-th terms give equal contributions and are related to the same orbit. After summing over α's the second term gives
The coefficients c a are listed below, It is worth noting certain relations which occur at x i = 0 where
It ends the calculation of the coefficient functions of the gauge-rotated Hamiltonian (11) using the orbit method.
IV. SPECTRUM AND WAVE FUNCTIONS
There exist two natural bases in the infinite-dimensional functional space where the Hamiltonian (14) acts. The first basis, T , consists of all monomials in τ a :
The second basis, M, consists of orbit functions M n . In both bases the ordering of basic elements can be introduced following the ̺-grading and height according to Eq.(26), (31), respectively.
In the M-basis any function M n ∈ M is an eigenfunction of the 8-dimensional Laplacian
[11] (see (39)). Furthermore, the Hamiltonian is (lower) triangular if the basic elements M n ordered by Weyl heights (23) . Thus, any eigenfunction is a linear superposition of M m ,
containing single element M n with the highest height ht(n). Hence, any eigenstate of the E 8 problem can be labeled by 8-tuple n,
(for a discussion see [9] , Eqs. (3.42), (3.44)) for any dominant weight n, where ̺ is the Weyl
vector. Let us demonstrate that (48) holds.
Let us write the gauge-rotated Hamiltonian as
, where flat-space Laplacian ∆ (8) (τ ) is given by (14), (15), (17) . The Laplacian ∆ (8) (τ ) is diagonal in M basis with the eigenvalues given by −(n · n) (see (39)). The interaction part of the Hamiltonian
for any M n ∈ M. Now we can show that h int is lower triangular in this basis: m ≤ n.
Indeed, according to Eq.(12),
which is similar to the expression (18) for the coefficient c a at β = 1 after a replacement of τ a by M n . Thus, using the same arguments as ones used for calculating the coefficients c a in Section III one can show that the action of h int on the function M n gives the answer similar to the answer for the coefficient c a . The only difference which occurs is that the sum in ω in (41) is taken over the orbit Ω n instead of Ω a :
where l = |(α · ω)|. Here µ m which occurs in the last sum is the multiplicity of the orbit generated by m. It is seen from this formula that the interaction Hamiltonian h int has a lower triangular form and its contribution to eigenvalue is given by −2ν(̺ · n) (cf. (49)).
Hence, any eigenfunction marked by n has a form (48) and can be calculated by algebraic means.
In the T basis the Hamiltonian has also triangular form due to the fact that any M n can be written as τ n and a superposition of the monomials τ m with ht(m) < ht(n) (see (30)).
Hence, the action of the Hamiltonian h int on the τ n gives −2ν(̺, n)τ n and a combination of basis vectors τ m with Weyl heights ht(m) < ht(n). It implies that the results of action h int τ n gives monomials τ m which all but τ n are situated below the hyperplane with a normal f orbit = (29, 46, 57, 68, 84, 91, 110, 135) , ̺ written in the basis of simple roots. Hence, the eigenfunction marked by n which corresponds to the n-th state is of the form
and can be calculated algebraically (cf.(48)). Hence, the Hamiltonian is in triangular form in the space P n, f orbit = {τ n |29n 1 + 46n 2 + 57n 3 + 68n 4 + 84n 5 + 91n 6 + 110n 7 + 135n 8 =ñ} .
The flag P
f orbit which was found in the orbit method is not unique. By direct calculation one can find that the operator (14) preserves the infinite flag P 
n, f min = {τ n |2n 1 + 2n 2 + 3n 3 + 3n 4 + 4n 5 + 4n 6 + 5n 7 + 6n 8 = n} ,
where n = 0, 2, 3, 4, . . .. All monomials from Q Acting by the Hamiltonian h E 8 (τ ) on the monomial of the degrees {n 1 , . . . , n 8 } we get the eigenvalue by finding a coefficient in front of the same monomial in the r.h.s. It gives by the following explicit expression for spectrum −ǫ {n 1 ,...,n 8 } = 2 n 2 1 + 2n 1 n 2 + 3n 1 n 3 + 3n 1 n 4 + 4n 1 n 5 + 4n 1 n 6 + 5n 1 n 7 + 6n 1 n 8 + 2n 2 2 + 4n 2 n 3 + 5n 2 n 4 + 6n 2 n 5 + 7n 2 n 6 + 8n 2 n 7 + 10n 2 n 8 + 3n 2 3 + 6n 3 n 4 + 8n 3 n 5 + 8n 3 n 6 + 10n 3 n 7 + 12n 3 n 8 + 4n 2 4 + 9n 4 n 5 + 10n 4 n 6 + 12n 4 n 7 + 15n 4 n 8 + 6n 2 5 + 12n 5 n 6 + 15n 5 n 7 + 18n 5 n 8
+ 7n
2 6 + 16n 6 n 7 + 20n 6 n 8 + 10n 2 7 + 24n 7 n 8 + 15n 2 8 + 2 29n 1 + 46n 2 + 57n 3 + 68n 4 + 84n 5 + 91n 6 + 110n 7 + 135n 8 ν ,
(cf. (49)), where {n 1 , . . . n 8 } = 0, 1, . . .. When the set {n 1 , . . . n 8 } is subject to the condition 2n 1 + 2n 2 + 3n 3 + 3n 4 + 4n 5 + 4n 6 + 5n 7 + 6n 8 = n, we get eigenvalues of the eigenstates from
. The first eigenvalues ordered following the increasing values of |(n · n)| are listed in Table II .
The E 8 Hamiltonian depends on the parameter ν. Thus, the nodal structure of an eigenfunction (where it vanishes) depends on ν as well. In general, the nodal structure at fixed ν as well as its evolution with ν remains an open question.
It is worth noting that there exists a degeneracy of the eigenstates for any ν. We do not know how to classify the degenerate states since it requires to solve a system of two Diophantine equations, one linear and one quadratic, of eight variables. The degenerate states are not present among first 29 eigenstates (see below Table II Weyl-invariant coordinates FTI leading to the algebraic forms of the trigonometric Olshanetsky-Perelomov Hamiltonians associated to the crystallographic root spaces A N , BC N , G 2 , F 4 , E 6 and E 7 were found in [12] , [13] , [14] , [15] , Table III ). 
It is worth noting that the matrices A ij in the algebraic form Hamiltonians, in particular, given explicitly in Eqs. (14), with polynomial entries, correspond to flat-space metrics, in the sense that the associated Riemann tensor vanishes. The change of variables in the corresponding Laplace-Beltrami operator, from FTI to Cartesian coordinates, transforms these metrics to diagonal form of the unit matrix. This procedure provides a set of nontrivial metrics with polynomial entries with vanishing Riemann tensor.
It should be stressed that each Hamiltonian of the form (1) is completely integrable.
This implies the existence of a number of operators (sometimes they are called the 'higher
Hamiltonians') which commute with it and which are in involution forming a commutative algebra. It is evident that these commuting operators take on an algebraic form after a gauge rotation (with the corresponding ground state eigenfunction as a gauge factor), and a change of variables from Cartesian coordinates to the FTI, i.e., to the τ 's (for a discussion, [24] There is a bug in MAPLE-11 (and the subsequent versions of MAPLE): the operator "sum"
gives regularly wrong but stable results. Due to this fact the coefficients B a (see (13) ) for the E 6 trigonometric model were calculated wrongly. Recently, they were recalculated in the orbit method, and crosschecked in MAPLE-13 with use of the operator "add" instead of "sum" and also in MAPLE-8 with use "sum". Correct coefficients are the following A complete list of the A ab coefficients (see (11), (14) and (15)) is A 11 = 960 + 168τ 1 + 28τ 2 + 2τ 3 − 2τ 2 1 , A 12 = 504τ 1 + 192τ 2 + 54τ 3 + 8τ 4 − 2τ 1 τ 2 , A 13 = −40320 − 12096τ 1 − 3468τ 2 − 768τ 3 − 108τ 4 + 3τ 5 + 168τ 2 1 + 24τ 1 τ 2 − 3τ 1 τ 3 , A 14 = −12096τ 1 − 5760τ 2 − 2232τ 3 − 544τ 4 + 32τ 5 + 7τ 6 + 96τ 1 τ 2 − 3τ 1 τ 4 ,
67536τ 2 3 −15643τ 3 τ 4 +432τ 3 τ 5 +82τ 3 τ 6 −712τ 2 4 +30τ 4 τ 5 +6τ 4 τ 6 +399168τ 3 1 +83136τ 2 1 τ 2 +21816τ 2 1 τ 3 + 3955τ 2 1 τ 4 − 5088τ 1 τ 2 2 + 1856τ 1 τ 2 τ 3 + 411τ 1 τ 2 τ 4 − 384τ 3 2 − 96τ 2 2 τ 3 ,
A 23 = 725760 + 235872τ 1 + 72744τ 2 + 17856τ 3 + 2968τ 4 − 130τ 5 − 7τ 6 − 3024τ 2 1 − 504τ 1 τ 2 + 54τ 1 τ 3 + 7τ 1 τ 4 − 4τ 2 τ 3 ,
A 25 = −3732480−886464τ 1 −487728τ 2 −162648τ 3 −34128τ 4 +1512τ 5 +135τ 6 +63τ 7 +217728τ 2 1 + 81936τ 1 τ 2 + 12960τ 1 τ 3 + 1419τ 1 τ 4 − 108τ 1 τ 5 − 6τ 1 τ 6 + 4584τ 2 2 + 1008τ 2 τ 3 + 21τ 2 τ 4 − 6τ 2 τ 5 + 54τ 2 3 + 6τ 3 τ 4 − 3024τ 3 1 − 600τ 2 1 τ 2 , A 26 = 60134400 + 19870272τ 1 + 7282608τ 2 + 2094264τ 3 + 407600τ 4 − 20608τ 5 − 3036τ 6 − 145τ 7 + 3τ 8 − 1112832τ 2 1 − 419424τ 1 τ 2 − 61704τ 1 τ 3 − 7715τ 1 τ 4 + 408τ 1 τ 5 − 6τ 1 τ 6 − 25920τ 2 2 − 7576τ 2 τ 3 − 607τ 2 τ 4 + 16τ 2 τ 5 − 7τ 2 τ 6 − 432τ 2 3 − 51τ 3 τ 4 + 12096τ 3 1 + 2976τ 2 1 τ 2 + 96τ 1 τ 2 2 ,
A 27 = −9354009600 − 3371906880τ 1 − 1127785200τ 2 − 311513400τ 3 − 58776560τ 4 + 2975440τ 5 + 402480τ 6 + 15505τ 7 − 135τ 8 + 59984064τ 2 1 + 19795152τ 1 τ 2 + 882864τ 1 τ 3 + 62275τ 1 τ 4 − 13744τ 1 τ 5 − 1137τ 1 τ 6 + 41τ 1 τ 7 + 969600τ 2 2 + 290248τ 2 τ 3 + 23483τ 2 τ 4 − 880τ 2 τ 5 − 35τ 2 τ 6 − 8τ 2 τ 7 + 14760τ 2 3 + 2501τ 3 τ 4 − 32τ 3 τ 5 − 5τ 3 τ 6 + 20τ 2 4 + 5τ 4 τ 5 − 314496τ 3 1 − 87552τ 2 1 τ 2 − 3456τ 2 1 τ 3 − 623τ 2 1 τ 4 − 2400τ 1 τ 2 2 + 80τ 1 τ 2 τ 3 + 15τ 1 τ 2 τ 4 ,
2730847τ 2 τ 4 + 152584τ 2 τ 5 + 18034τ 2 τ 6 + 633τ 2 τ 7 − 10τ 2 τ 8 − 1476504τ 2 3 − 392419τ 3 τ 4 + 23488τ 3 τ 5 + 1585τ 3 τ 6 +78τ 3 τ 7 −19500τ 2 4 +2309τ 4 τ 5 +42τ 4 τ 6 +4τ 4 τ 7 −64τ 2 5 −4τ 5 τ 6 +27881280τ 3 1 +12101472τ 2 1 τ 2 + 1071792τ 2 1 τ 3 + 122236τ 2 1 τ 4 − 12096τ 2 1 τ 5 − 936τ 2 1 τ 6 + 1148544τ 1 τ 2 2 + 210608τ 1 τ 2 τ 3 + 14563τ 1 τ 2 τ 4 − 1040τ 1 τ 2 τ 5 − 20τ 1 τ 2 τ 6 + 1296τ 1 τ 2 3 − 18τ 1 τ 3 τ 4 + 14τ 1 τ 2 4 + 15168τ 3 2 + 5248τ 2 2 τ 3 + 35τ 2 2 τ 4 + 384τ 2 τ 2 3 + 10τ 2 τ 3 τ 4 − 217728τ 4 1 − 67776τ 3 1 τ 2 − 3456τ 2 1 τ 2 2 ,
A 34 = 41472000 + 14833152τ 1 + 4813248τ 2 + 1300608τ 3 + 238720τ 4 − 11840τ 5 − 1248τ 6 − 68τ 7 − 169344τ 2 1 − 46848τ 1 τ 2 + 3888τ 1 τ 3 + 632τ 1 τ 4 + 32τ 1 τ 5 + 6τ 1 τ 6 − 1728τ 2 2 − 320τ 2 τ 3 − 6τ 3 τ 4 + 96τ 2 1 τ 2 ,
A 37 = 57683404800 + 21385226880τ 1 + 6968748000τ 2 + 1919657520τ 3 + 361844960τ 4 − 18345280τ 5 − 2486120τ 6 − 95370τ 7 + 910τ 8 − 156083328τ 2 1 − 43822944τ 1 τ 2 + 14321664τ 1 τ 3 + 3234090τ 1 τ 4 − 106688τ 1 τ 5 − 20162τ 1 τ 6 − 1390τ 1 τ 7 + 4τ 1 τ 8 − 3926784τ 2 2 − 1235360τ 2 τ 3 − 74242τ 2 τ 4 − 576τ 2 τ 5 −920τ 2 τ 6 −40τ 2 τ 7 −91584τ 2 3 −24476τ 3 τ 4 +80τ 3 τ 5 −38τ 3 τ 6 −10τ 3 τ 7 −1812τ 2 4 +45τ 4 τ 5 +6τ 4 τ 6 − 2274048τ 3 1 − 842880τ 2 1 τ 2 − 62064τ 2 1 τ 3 − 4470τ 2 1 τ 4 + 1248τ 2 1 τ 5 + 146τ 2 1 τ 6 − 43104τ 1 τ 2 2 − 9200τ 1 τ 2 τ 3 + 370τ 1 τ 2 τ 4 + 16τ 1 τ 2 τ 5 − 432τ 1 τ 2 3 − 51τ 1 τ 3 τ 4 − 384τ 3 2 − 96τ 2 2 τ 3 + 24192τ 4 1 + 5856τ 3 1 τ 2 , A 38 = 1043821209600 + 407106518400τ 1 + 125620772640τ 2 + 34887476880τ 3 + 6552155040τ 4 − 333453600τ 5 −45246680τ 6 −1717310τ 7 +20410τ 8 +4402892160τ 2 1 +1411617888τ 1 τ 2 +963533088τ 1 τ 3 + 182005662τ 1 τ 4 − 8641616τ 1 τ 5 − 1279190τ 1 τ 6 − 55998τ 1 τ 7 + 460τ 1 τ 8 − 143002176τ 2 2 − 31326592τ 2 τ 3 − 6473770τ 2 τ 4 + 110848τ 2 τ 5 + 6968τ 2 τ 6 + 732τ 2 τ 7 − 48τ 2 τ 8 + 1223280τ 2 3 − 353012τ 3 τ 4 − 39528τ 3 τ 5 − 3198τ 3 τ 6 − 182τ 3 τ 7 − 12τ 3 τ 8 − 120192τ 2 4 + 3156τ 4 τ 5 + 744τ 4 τ 6 + 9τ 4 τ 7 + 136τ 2 5 + 20τ 5 τ 6 + 7τ 2 6 − 161638848τ 3 1 − 49514112τ 2 1 τ 2 − 3176352τ 2 1 τ 3 − 37682τ 2 1 τ 4 + 42096τ 2 1 τ 5 + 1996τ 2 1 τ 6 − 224τ 2 1 τ 7 − 716256τ 1 τ 2 2 −819424τ 1 τ 2 τ 3 −2538τ 1 τ 2 τ 4 −816τ 1 τ 2 τ 5 −438τ 1 τ 2 τ 6 −8τ 1 τ 2 τ 7 −79560τ 1 τ 2 3 −18940τ 1 τ 3 τ 4 + 408τ 1 τ 3 τ 5 + 80τ 1 τ 3 τ 6 − 1104τ 1 τ 2 4 + 20τ 1 τ 4 τ 5 + 5τ 1 τ 4 τ 6 + 125184τ 3 2 + 34400τ 2 2 τ 3 + 4032τ 2 2 τ 4 − 112τ 2 2 τ 5 + 1472τ 2 τ 2 3 + 470τ 2 τ 3 τ 4 + 7τ 2 τ 2 4 + 1076544τ 4 1 + 226752τ 3 1 τ 2 + 22464τ 3 1 τ 3 + 4032τ 3 1 τ 4 − 13152τ 2 1 τ 2 2 + 1440τ 2 1 τ 2 τ 3 + 320τ 2 1 τ 2 τ 4 − 768τ 1 τ 3 2 − 80τ 1 τ 2 2 τ 3 ,
A 45 = −1077442560 − 339790464τ 1 − 131923296τ 2 − 36466416τ 3 − 6904416τ 4 + 348192τ 5 + 47160τ 6 + 2058τ 7 − 6τ 8 + 25062912τ 2 1 + 7864896τ 1 τ 2 + 1641456τ 1 τ 3 + 295102τ 1 τ 4 − 16208τ 1 τ 5 − 2124τ 1 τ 6 − 56τ 1 τ 7 − 4608τ 2 2 − 14400τ 2 τ 3 − 4254τ 2 τ 4 + 224τ 2 τ 5 − 2232τ 2 3 − 428τ 3 τ 4 + 32τ 3 τ 5 + 5τ 3 τ 6 + 28τ 2 4 − 9τ 4 τ 5 − 241920τ 3 1 − 56640τ 2 1 τ 2 + 5184τ 2 1 τ 3 + 980τ 2 1 τ 4 + 96τ 1 τ 2 2 − 176τ 1 τ 2 τ 3 , A 46 = 16940482560 + 5949821952τ 1 + 2048224512τ 2 + 567497088τ 3 + 107247360τ 4 − 5441280τ 5 − 746560τ 6 −27952τ 7 +368τ 8 −168860160τ 2 1 −55602816τ 1 τ 2 −6568128τ 1 τ 3 −1031472τ 1 τ 4 +68800τ 1 τ 5 + 6568τ 1 τ 6 + 152τ 1 τ 7 − 1764672τ 2 2 − 441440τ 2 τ 3 − 32176τ 2 τ 4 + 544τ 2 τ 5 − 212τ 2 τ 6 + 4τ 2 τ 7 − 7200τ 2 3 − 496τ 3 τ 4 − 224τ 3 τ 5 − 44τ 3 τ 6 − 104τ 2 4 − 10τ 4 τ 6 + 1257984τ 3 1 + 324864τ 2 1 τ 2 − 13824τ 2 1 τ 3 − 2408τ 2 1 τ 4 + 6144τ 1 τ 2 2 − 448τ 1 τ 2 τ 3 − 92τ 1 τ 2 τ 4 + 192τ 3 2 + 32τ 2 2 τ 3 ,
1 τ 4 + 640320τ 1 τ 5 + 107284τ 1 τ 6 + 4930τ 1 τ 7 − 10τ 1 τ 8 + 13986240τ 2 2 + 7844960τ 2 τ 3 + 882320τ 2 τ 4 −29792τ 2 τ 5 +1356τ 2 τ 6 −44τ 2 τ 7 +1164096τ 2 3 +325176τ 3 τ 4 −12640τ 3 τ 5 −632τ 3 τ 6 −44τ 3 τ 7 + 20984τ 2 4 − 1576τ 4 τ 5 − 73τ 4 τ 6 − 12τ 4 τ 7 + 32τ 2 5 + 4τ 5 τ 6 + 14515200τ 3 1 + 4119744τ 2 1 τ 2 + 186480τ 2 1 τ 3 + 23486τ 2 1 τ 4 − 5104τ 2 1 τ 5 − 824τ 2 1 τ 6 − 30528τ 1 τ 2 2 − 13440τ 1 τ 2 τ 3 − 5534τ 1 τ 2 τ 4 + 240τ 1 τ 2 τ 5 + 4752τ 1 τ 2 3 + 968τ 1 τ 3 τ 4 + 21τ 1 τ 2 4 − 5184τ 3 2 − 1952τ 2 2 τ 3 − 224τ 2 τ 2 3 − 96768τ 4 1 − 19776τ 3 1 τ 2 + 1056τ 2 1 τ 2 2 ,
A 48 = −1687479091200−682571888640τ 1 −187352202240τ 2 −55304881920τ 3 −10593477120τ 4 + 544823040τ 5 + 74649120τ 6 + 2778240τ 7 − 35520τ 8 − 16400012544τ 2 1 + 537008832τ 1 τ 2 − 1943112672τ 1 τ 3 − 444557920τ 1 τ 4 + 23683904τ 1 τ 5 + 3627632τ 1 τ 6 + 131812τ 1 τ 7 − 1804τ 1 τ 8 + 2149212768τ 2 2 + 718934832τ 2 τ 3 + 111819168τ 2 τ 4 − 4638496τ 2 τ 5 − 545744τ 2 τ 6 − 28058τ 2 τ 7 + 182τ 2 τ 8 + 36868320τ 2 3 + 8592864τ 3 τ 4 − 162208τ 3 τ 5 − 10016τ 3 τ 6 − 1976τ 3 τ 7 − 12τ 3 τ 8 + 339048τ 2 4 + 13072τ 4 τ 5 + 3769τ 4 τ 6 − 142τ 4 τ 7 − 15τ 4 τ 8 − 1504τ 2 5 − 508τ 5 τ 6 − 63τ 2 6 + 3τ 6 τ 7 + 226533888τ 3 1 − 14490240τ 2 1 τ 2 − 11316960τ 2 1 τ 3 − 3379668τ 2 1 τ 4 + 73440τ 2 1 τ 5 + 19408τ 2 1 τ 6 + 2080τ 2 1 τ 7 − 20720064τ 1 τ 2 2 + 2421552τ 1 τ 2 τ 3 + 152166τ 1 τ 2 τ 4 + 14704τ 1 τ 2 τ 5 + 2232τ 1 τ 2 τ 6 + 96τ 1 τ 2 τ 7 + 700416τ 1 τ 2 3 + 156600τ 1 τ 3 τ 4 − 3232τ 1 τ 3 τ 5 − 616τ 1 τ 3 τ 6 +5800τ 1 τ 2 4 −88τ 1 τ 4 τ 5 −45τ 1 τ 4 τ 6 −807936τ 3 2 −185248τ 2 2 τ 3 −3058τ 2 2 τ 4 +48τ 2 2 τ 5 +2800τ 2 τ 2 3 + 1656τ 2 τ 3 τ 4 − 96τ 2 τ 3 τ 5 + 42τ 2 τ 2 4 + 864τ 3 3 + 216τ 2 3 τ 4 + 15τ 3 τ 2 4 − 870912τ 4 1 + 234624τ 3 1 τ 2 − 207360τ 3 1 τ 3 − 35392τ 3 1 τ 4 + 123264τ 2 1 τ 2 2 − 15104τ 2 1 τ 2 τ 3 − 2720τ 2 1 τ 2 τ 4 + 2592τ 1 τ 3 2 + 320τ 1 τ 2 2 τ 3 , A 55 = 20048394240 + 8292917376τ 1 + 2441404512τ 2 + 660526704τ 3 + 125330784τ 4 − 6307968τ 5 − 860244τ 6 − 35010τ 7 + 138τ 8 + 259687296τ 2 1 + 96864000τ 1 τ 2 + 31537008τ 1 τ 3 + 6466434τ 1 τ 4 − 296112τ 1 τ 5 − 43952τ 1 τ 6 − 1868τ 1 τ 7 + 4τ 1 τ 8 + 1043712τ 2 2 − 512928τ 2 τ 3 + 70114τ 2 τ 4 − 1824τ 2 τ 5 − 920τ 2 τ 6 − 40τ 2 τ 7 − 230112τ 2 3 − 49732τ 3 τ 4 + 2864τ 3 τ 5 + 312τ 3 τ 6 + 2τ 3 τ 7 − 1032τ 2 4 + 150τ 4 τ 5 + 6τ 4 τ 6 − 12τ 2 5 −5346432τ 3 1 −1691520τ 2 1 τ 2 +18720τ 2 1 τ 3 +9524τ 2 1 τ 4 +784τ 2 1 τ 5 +32τ 2 1 τ 6 −66432τ 1 τ 2 2 −3328τ 1 τ 2 τ 3 + 724τ 1 τ 2 τ 4 − 8τ 1 τ 2 τ 5 − 864τ 1 τ 2 3 − 122τ 1 τ 3 τ 4 − 384τ 3 2 − 96τ 2 2 τ 3 + 20τ 2 τ 2 3 + 24192τ 4 1 + 4896τ 3 1 τ 2 , A 56 = 45013708800 + 12445726464τ 1 + 5402781504τ 2 + 1524340512τ 3 + 284556096τ 4 − 14496000τ 5 − 1974432τ 6 − 71580τ 7 + 1188τ 8 − 1650820608τ 2 1 − 564132864τ 1 τ 2 − 122574240τ 1 τ 3 − 23833652τ 1 τ 4 +1237504τ 1 τ 5 +162020τ 1 τ 6 +6480τ 1 τ 7 −52τ 1 τ 8 −8246208τ 2 2 +212688τ 2 τ 3 −215108τ 2 τ 4 + 4864τ 2 τ 5 − 352τ 2 τ 6 + 180τ 2 τ 7 + 622296τ 2 3 + 130724τ 3 τ 4 − 7560τ 3 τ 5 − 919τ 3 τ 6 − 5τ 3 τ 7 + 1784τ 2 4 − 160τ 4 τ 5 + 11τ 4 τ 6 − 12τ 5 τ 6 + 27385344τ 3 1 + 8846976τ 2 1 τ 2 + 359712τ 2 1 τ 3 + 37200τ 2 1 τ 4 − 5920τ 2 1 τ 5 − 320τ 2 1 τ 6 + 391296τ 1 τ 2 2 + 62528τ 1 τ 2 τ 3 + 3348τ 1 τ 2 τ 4 − 192τ 1 τ 2 τ 5 + 5184τ 1 τ 2 3 + 773τ 1 τ 3 τ 4 + 7τ 1 τ 2 4 + 5568τ 3 2 + 992τ 2 2 τ 3 − 32τ 2 τ 2 3 + 5τ 2 τ 3 τ 4 − 145152τ 4 1 − 36864τ 3 1 τ 2 − 960τ 2 1 τ 2 2 , 64368τ 2 τ 3 τ 5 + 3332τ 2 τ 3 τ 6 + 104τ 2 τ 3 τ 7 − 54891τ 2 τ 22797414908τ 2
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